Lecture 06
Velocity Propagation
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Rotational Motion
) Angular Velocity
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Vp is proportional to:
- [l
* |[Psing]|

and

*Vvp_| Q
*Vp 1P

fixed point

vp =Q x P

Eg: 0=<1,3,2>, P=<-2,0, 1>
Q x P=<(3x1), -(1x1)+2x-2, -(3%-2)>
QxP=<3,-5, 6>

Cross Product Operator

c=axb=c=ab

vectors =—> matrices

a X — a .askew-symmetric matrix

0 —a a b

z y X

c=ab=| a. 0 —a| b, c=ab
-a, a. 0 |b.
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Cross Product Operator
Vo =Qx P v, =QP

Ax = () : a skew-symmetric matrix

Q. P
Q=|Q, P=|P
Q. P,
0 Q. Q. |[rP]
v =QP=| Q. 0 -Q||lP 1%:jp
-Q, Q. 0 ||2]

Fg: 0=<1,3,2>,P=<2,0,1> | 0 -2 3 [-2 3
QxP=QP=|2 0 -1| 0 |=|-5

Linear and Angular Velocity

Vg - linear speed of {B} w.r.t. {A}
Vo - linear speed of P w.r.t. {B} O g
Q) : angular speed of {B} w.r.t {B} Lo\ P/B
Then what is linear speed of

{A}




Velocity Propagates from Base to End

Spatial Mechanisms

(2}
(1} 4

Propagation of velocities

. v linear velocity
X < _
® : angular velocity
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Velocity Propagation from {i} to {i+1}
{i} %

i+l i+l i i i ] i+1
Vig= R(v,+0,xP )+d,, .~ Z

i+1

— @, and ! vV, {n-1} )
0 | ' |

0 n
0 1 R m#?
Computationally Complex because of frame transformation
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Tutorial
Fixed frame of reference {0}

Example
Vig =V, o, x P
; — ﬂlfl'_)- — [ngZ
. Vp 0 =04

. 1’!1?3 :1/!3-;[ +(/\91 XR_}

. 1/!1-)3 :L}Pj +(A{)2 ><P?‘

07.c,| [-1.s, ]
”vpj =0+|60, 0 O0l|l.s,|=]|1.¢c |0,
O O 0|0 | | O |

Computationally efficient because of fixed frame of Ref. {0}

‘0 ="0+'6,2,=0 0 @ +6)]

Angular

0 0 0 0
V.=V, + @, X P velocity of P3
Py P, - 3 witloh o
_ - _ - " link w.r.t
s o -1 0] 1
v, =|1l.c |0, +|1 0 0[O +6,)°P
PR B R Nt Y] 2)- 13
0 0O 0 O v b
— - — - 2+C12
—1,.s, ~1,.5,, .5,
=| l.c, |0, +| ,.c,, |.(O,+0,) | 0
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—(ls, +1L,s,,) —-Ls, 07]8,]
UVR‘ =| [l +1c, Le, 016,
] 0 0 0]|6,
0 0 0]]6, J, T 0
w, =10 0 0|6, |€@'0="0+6z= 0
I 1 1]|6, 6, +6,+0, |
— — - - )
J - (6’l
0 V .
) .
‘\.83)
The Jacobian (ExPLICIT FORM)
Provides insight Qi}[,/ﬁ, e
into Jacobian % — hx‘}
o
) [o!
v ™\
[~
(
AT

Revolute Joint QI. =/.q,
Prismatic Joint V. = Z q.

Describe how each joint contributes to V and m of
the end-effector
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The Jacobian (EXPLICIT FORM)

Q.
€2 - -
Neglect \j::’f D C‘;\“:\\ 0.
co-ordinate a— K H‘"““-—*Q\ "
transformatlon el ~P y
. . Y=
.. _,, Every joint
P /Tﬁ“ﬁ\ Lme'ar Vel: K % 7" contributes to v
An9u|a|ﬂ Vel: hone (), OnlyR joints
Effector Linaur Velocity contribute to ®
Z[e V+ e (Q,xP)] V=74
i=1
Effector Angular Velocity
['U:Z E.! Qe’ Q‘s:ZECJs
i=1
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Contributes only if
the last joint is

:[E] Z]-i— E] (Z % I:;)]QI prismaticl

+[E”_| Zn—l + En 1 (Z {n I)n)]fjn—l + En ZHQH C}]

q-
1’:[61 Z+€ (£ xR, & £4,+& (£,xE,) ] /';

« | There is an easier way '
v=J g 9,

to determine J, using T

0w=¢ Lq,+€, 2L,q,++€,24g, 7

a;a:[é]Z] e Z, - € Z”] ‘:{2

s = n

Krs
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Jacobian of a 6dof manipulator
All rotary manipulator (eg. Puma560)

Without frame transformation q
q,

(v] _ |:zl XPg 2,XPy 23XPy z,XPy zsxXPy Z6XP66:| q;

w Z 23 <3 24 s <6 q,

qs

ds

With co-ordinate transformation 7o

)

% _ ?R(ZIXI)IG) SR(Z2><P26) ;)R(Z3XP36) A(L)R(ZALXP%) ;)R(ZSXP%) (?R(Z6XP66):O
?Rz 1 g Rz, g Rz, f Rz, 2 Rz, g Rz,
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4,
4,
4
4.
g
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Jacobian of a 6dof manipulator

Stanford Schinman Arm (RRPRRR)
Without frame transformation

(vJ_{zlem 2, XPy z2; 2,XPg=0 z;xPy=0 z6><P66=0}
@

Z, 24 0 Z4 Zs Ze

With co-ordinate transformation

[OvJ:|:(1)R(Z1XPI6) 'R(z,xP,) ‘Rz, O 0 0}

‘o 'Rz, 2Rz, 0 JRz, JRz; (Rz,

46 |

s

g, |
4,
q;
q,
qs

q,
q,
q;
q,
qs
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el _%p P P
v=|y|=X,=—.¢,+———.q¢,++—.q,
2 gy M2y, Mg
€ 3xn >
A
;| 0% Ox Oxp
[ Vv - A
g, Jq, 4, .
—
A B x‘
T = g
Z
 —
0O 0 0 1




SCA Jacobian from HTMs

0T (:4) BT (:4) oR(:3)
an aQQ OZA3

[ i i i )
R | R : P | R | R |R

J=|GxBs ZxBy Z 0 0 1 0 0

_____________________________________________________________________

0 0 0-7 0 0
Z1 Zz Z4 Z5 Z6
\R(:3) JR(:3) R(:3) JR(:3) oR(:3)
AN 2 AL 4 VL 5 61 \
1lo, a, d 6
1] o 0 0 o,
2| 90 0 d, o
3/ 90 0 d; 0
4 0 0 0 o,
5/ 90 0 0 6,
6 90 0 0 o,
- o -s6. 0 a.,
i'1'|' — s, ca, , c8, ca, ™ S84 9
i s6.sa. ch. sa. ca, ca  d
. 0 0 0 1
Forward Kinematics: :T = T T .7
1 2 N
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c, —=s, (00
o s, ¢ |0]O0
| 0 0 |[1]O0
0O O |Of 1] o
: 1 9Re3)
c,.c, —C 8, | =8, | —s,d,
07 _ s,c, =85, | ¢, | cd,
] 92 —C; 0
0 0 1 |
_ 4 \
07 _ $,¢, ¢, |8,8,| |s,dss, +0,d,
T =
92 0 ¢, dyc,
0o o |o|~——" .
JR(:3)
CCC, =SS, —CCyS, —S,Cy
0 5,C,C, +CS, —S,G,S, +CC,
A=
—5,C, 5,5,
B O 0 fR(Z )_
X X |-cc,s, =5,
0 _ X X [=s,0,8, +¢c,
T =
X X 5,8,
0 0 0 JR(:3)

(X X [C0,C,5: —5,5,5. FC,5,5:] (¢,d,s, — 5,d5)
0r _ X X [sccs,+c 5,8, +s585,¢||8,ds, +cd,
T =

X X —5,C,85; +CsC, d.c,

0
0 0 0 sR(3) |\ Ll




Stanford Scheinman Arm Jacobian

[ A0 2 2
C Xp O Xp COX

"J = oq, cd, o4,
A 0o "z, 'z, 'Z

/
—c,d, —s,5,d, c,cydy c¢s, 0 0 0
-sd, +c¢,5,d, sc,d, ss, 0 0 0
0 —s,dy, ¢ 0 0 0
0 -5, 0 ¢s5, —C,5,—850C, CCC5;—85,5;+C5,Cs
0 c, 0 s, =—s0C,5,+ccC, §0C,C8;+CS5,5;+855,Cs
| 1 0 0 C, 5,8, —5,C485 +C5Cs
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Jacobian in a Frame

Vector Representation

G, &, &,

J: _'fi}l _ﬂ 2 _EQH

El'Zl EEZZ gz'zu

In {0}

([ x, O'x, 3 x, \

GJ_ - )

o Cx]l CX}Z ﬁ]”

— 0 — 0 — 0
\El Zl EZZZ Ez Zu;‘
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J in Frame {0} _

'Z="R'Z; 'Z=7=|0

.0
3d colomn in Z.R

- ~ ~I 3\
ZEN ZEN ZEN
"JT=| A (Cxp) = Xp) Xp)
o Oql (/—QE (/—QH
— /0 — /0 — /0
E.('RZ) E§.(°RZ) - E.(°RZ)
3rd colomn in 3rd colomn in 3rd colomn in

R 'R R
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